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Jeq Ville guske, jeg kunne +ale dansk

Often heard complain from many students

Why math?

I don't need it
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Often heard complain from many students

Why math?

/N

I don't need it It doesn't make sense to me

Augustus De Morgan
(1806 — 1871)
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Catherine the Great
(1729-1796)

Leonhard Euler
(1707-1783)
Denis Diderot g
(1713-1784)

Diderot'® paid a visit to the Russian Court at the
invitation of the Empress. He conversed very freely, and
gave the younger members of the Court circle a good deal

of lively atheism. The Empress was much amused_, but
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to check these expositions of doctrine. The Empress did
not like to put a direct muzzle on her guest’s tongue, so the

Diderot'® paid a visit to the Russian Court at the
invitation of the Empress. He conversed very freely, and
gave the younger members of the Court circle a good deal
of lively atheism. The Empress was much amused, but
some of her councillors suggested that it might be desirable
to check these expositions of doctrine. The Empress did
not like to put a direct muzzle on her guest’s tongue, so the
following plot was contrived. Diderot was informed that

a learned mathematician was in possession of an algebraical
demonstration of the existence of God, and would give it
him before all the Court, if he desired to hear it. Diderot
gladly consented : though the name of the mathematician
is not given, it was Eulef'. He advanced towards Diderot,
and said gravely, and in a tone of perfect conviction:
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Diderot*® paid a visit to the Russian Court at the
invitation of the Empress. He conversed very freely, and
gave the younger members of the Court circle a good deal
of lively atheism. The Empress was much amused, but
some of her councillors suggested that it might be desirable
to check these expositions of doctrine. The Empress did
not like to put a direct muzzle on her guest’s tongue, so the
following plot was contrived. Diderot was informed that
a learned mathematician was in possession of an algebraical
demonstration of the existence of God, and would give it

him before all the Court, if he desired to hear it. Diderot
gladly consented: though the name of the mathematician
is not given, it was Euler. He advanced towards Diderot,
and said gravely, and in a tone of perfect conviction:

“Monsieur!
a-+bn _ X
T
Donc Dieu existe,

Répondez!”
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“Diderot, to whom algebra was Hebrew, was
embarrassed and disconcerted; ...
He asked permission to return to France at once,
which was granted”

De Morgan, A Budget of Paradoxes
The Open Court Publishing Co. 1915, Vol I, p.4
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Let’s begin with “warm-up” examples
» Cells on the border of a square
» Arithmetic sequence

» String around the earth

14
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4x10-4

4x8 + 4

2x10 + 2x8

4x9

10x10 - 8x8

6x6
“Situation Definition”

Boaler, J. & Humphreys C. (2005). Connecting Mathematical Ideas: Middle School Video Cases to Support Teaching and Learning. Heinemann.
Wertsch, J. V. (2011). Mediation and the zone of proximal development. In R. Miller (Ed.). Vygotsky in Perspective. Cambridge University Press.
https://doi.org/10.1017/CBO9780511736582
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Let’s begin with “warm-up” examples
>
» Arithmetic sequence

16


https://doi.org/10.1017/CBO9780511736582

of the first ten terms of
an arithmetic sequence
and 20 is its tenth term,
find the first term and a ="?
the constant difference 1

of the sequence. d="7

Given that 65 is the sum S — 65
a 2

17

Resources for the solution

Formulas
S, =na, L1
A, =a +(n-1)d
Substitution |
65 =10a, + 45d
20 =a, +9d

Solving the equations

18

26-09-2024



—_—— 'I'? _
R -
i-.- - - . 5‘-.-:- ":*.'I_ e ?
e e
- )
o - - |f
"':.f{)—l"ll_ﬂ_l"l o _I".I—I'I—T 11'.-1.'?'\—'1
L T T L L
eT ML s Ay Py BT a2 ATngn 5

Nl aj i b =T SR T LE-" g e ‘IF__1|2' .I.l“" T

“r SN2, T j;{_h"l:hl
I S O TP
By - .-'.I"I.n j-m G 31
=3 B3 og g prodd
[ ’

L= 10y

19

13

7 2 J 5 7 8 ) 11’ 14I 17l20

~__“7 ~_ S ~ S ~ S ~ S ~ S ~ S ~ S~

5 arcs are 65, each arc is @ =13

Since each arcis 13 and the tenth term is 20,

The first will be -7
There are 9 jumps from -7 to 20,

The distance is 27

.. 27
We divide o =3 The difference is b=3

Karsenty, R., Arcavi, A. & Hadas, N. (2007). Exploring informal mathematical products of low achievers at the secondary school level. Journal of
Mathematical Behavior, 16(2), pp.156-177.
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S, =na, + n(n2—1) d S, =65 e
A, =a,+(n-1)d a, =20 5{“%
' _9
65 =10a, + 45d 4 = ¥E
20=a, +9d d="?
- Symbolic - Numerical
- General - Specific
- Procedural - Visual
- Formal justifications - Verbal
- Transparent
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Let’s begin with “warm-up” examples

» String around the earth

22

26-09-2024

11



String around the earth
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String around the earth
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String around the earth
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27(r+2)—2nar

A
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Papert, S. (1980) Mindstorms: Children, computers, and powerful ideas. Basic Books, NY., p.147

27
’ ’
Mathematics and sense making
6x6 - Informal
“Situational” - Visual
- Verbal
- Connected
- Transparency
28
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Mathematics and sense making

29

folelse U

Sense

SAWSEY
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Recognition or perception of
Meaning in a particular context something either through the

\ body or through the intellect

Something sound or reasonable \.n

Any of the functions of sight, Correct judgement
smell, hearing, touch and taste

A capacity to
appreciate or understand

The American Heritage Dictionary — 2" College Edition — Houghton Mifflin Co. 1976

31

NUMBER SENSE
Sens

SYMBOL SENSE

- Arcavi, A. (1994). Symbol sense: informal sense-making in formal mathematics. For the Learning of Mathematics,14(3), 24-35.
-_Arcavi, A. (2005). Developing and Using Symbol Sense in Mathematics. For the Learning of Mathematics,25(2), 50-55.
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Mathematics and W’

Perceiving and conceiving contexts, situations,
concepts, problems, strategies and procedures by
connecting them to previous knowledge and
intuitions producing informal and insightful
explanations and justifications which promote and
sustain a personal feel for understanding.

Perceiving and conceiving a procedure

‘ I O
Connecting to s

previous knowledge

A personal feel
for understanding

Producing informal explanations

34
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Factors involved
Identity Agency

\ /
@t’wg and sewse@

Individual
Vs social

Relevance and
acceptability cues
Plausibility vs
accuracy

Concepts/problems
VS. practices

Based on
- Weick, K. (1995). Sensemaking in Organisations. London: Sage
- Kilpatrick, J., Hoyles, C., Skovsmose, O. & Valero, P. (2005). Meaning in Mathematics Education. Springer.
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Y04 Gy¥s have
to 40 out and

https://www.researchgate.net/figure/The-idea-expressed-in-this-cartoon-that-academics-only-study-the-world-rather-than-try-to_figl 351409076

36
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So, what can we do?

Theory and Research

Practical implications

37

So, what can we do?

> Awareness

» Listening’

...giving careful attention to hearing what students say (and to see what they do), trying to

understand it and its possible sources and entailments. ... it is not a passive undertaking...

.. it should include:

— Detecting, taking up, and creating opportunities in which students are likely to engage in
freely expressing their mathematical ideas;

— Questioning students to uncover the essence and sources of their ideas;

— Analyzing what one hears ... and making the enormous intellectual effort to take the
‘other’s perspective’ in order to understand it on its own merits;

— Deciding in which ways the teaching can productively integrate students’ ideas.

* Arcavi, A., & Isoda, M. (2007). Learning to Listen: From Historical Sources to Classroom Practice. Educational Studies in Mathematics, 66, 111-129.
http://dx.doi.org/10.1007/s10649-006-9075-8
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So, what can we do?

> Awareness
» Listening’

> Classroom culture, norms, values

39
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IA’s solution process:

- Sketched the graph

- Found derivative of f(x), f '(x)= -1/x?

- Wrote equation of tangent line at P,
Y-Yo=(-1/X5?)(X-Xo)

- Found coordinates of intersection with axes

(2Xg, 0) and (0, 2/xy)

- Wrote the function for the segment length
g(x) = _[4x¢ +i2
XO

- Asked himself: max or min?

41

“I have a friend who always does that [plays with the
problem and makes sense of it], after such an effort,
he usually has neither time nor energy to do the
symbols, he does not get credit for what he may have
done and fails the exams. If | don’t have to, | do only
the symbols, which is what the teacher and the exam
want.”

1
et f dop ot dssroom rcces

42
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So, what can we do?
> Awareness
> Listening’
» Classroom culture, norms, values

> Purposeful tasks

43

Dakota solved the following five equations. Check her solutions, see whether

they are right or wrong, and explain your answers.

Friedlander, A. & Arcavi, A. (2017). Tasks and Competencies in the Teaching and Learning of Algebra. NCTM.

44
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Dakota solved the following five equations. Check her solutions, see whether

they are right or wrong, and explain your answers.

=31 "In this fraction, the numerator is always smaller
than its denominator. Thus, this fraction cannot be
greater than 1, and therefore this equation has no

solution."

Friedlander, A. & Arcavi, A. (2017). Tasks and Competencies in the Teaching and Learning of Algebra. NCTM.

45

Dakota solved the following five equations. Check her solutions, see whether

they are right or wrong, and explain your answers.

zz I 2 =31 "In this fraction, the numerator is always smaller
than its denominator. Thus, this fraction cannot be
greater than 1, and therefore this equation has no
solution.”

a*—9 .

az+9

Friedlander, A. & Arcavi, A. (2017). Tasks and Competencies in the Teaching and Learning of Algebra. NCTM.
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Dakota solved the following five equations. Check her solutions, see whether

they are right or wrong, and explain your answers.

zz I 2 =31 "In this fraction, the numerator is always smaller
than its denominator. Thus, this fraction cannot be
greater than 1, and therefore this equation has no
solution.”

a’?—9 N "A fraction is equal to —1 only when its numerator

a? +9 and denominator are inverses (such as a and - a).

The inverse of a>—9 is 9 —a?and not a?+ 9.

Therefore, this equation has no solution.”

Friedlander, A. & Arcavi, A. (2017). Tasks and Competencies in the Teaching and Learning of Algebra. NCTM.
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So, what can we do?
> Awareness
» Listening’
» Classroom culture, norms, values

> Purposeful tasks

> Modeling

48
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Augustus De Morgan
(1806 —1871)

a+bn _
“n

A BUDGET OF PARADOXES

Donc Dieu existe

w
AUGUSTUS DE MORGAN,

PRAS AND €5, OF TRINITY COLLEGR, CAMBRIDGE.

_ BUDGE]

! or
PARADOX!
VOL. 11

DE, MORG
. ik meiiy

49
NCUM | NATIONALT CENTER FOR UDVIKLING
AF MATEMATIKUNDERVISNING

Mathematics and sense making

Abraham Arcavi
Weizmann Institute of Science
Rehovot, Israel

abraham.arcavi@weizmann.ac.il

September 3, 2024

25


mailto:abraham.arcavi@weizmann.ac.il

	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50

